CH 9 — RADICALS

e’ve learned that there is a positive real
number whose square is 3, and that this
number is called the positive
square root of 3. We also have seen that
this number is written with a 3 inside a
radical sign. This chapter discusses the 3
various operations involving these “radi-
cals.”

 All Kinds of Roots

The number 9 has two square roots, 3 and —3. This is because 3
squared is 9 and -3 squared is 9. The positive square root of 9 (the 3) is
denoted \/5 , and the negative square root of 9 (the —3) is written —\/§ .
In other words, \/§ = 3, and only 3, while —\/_ =-3.

In analyzing \/% , the positive square root of —25, we discover that we
cannot find an answer for this problem, since the square of a real
number can never be negative. If there is an answer to \/% , 1t lies
outside R.

Consider the number 8. Since 23 = 8, we can say that 2 is a cube root
of 8. In fact, it’s the only cube root of 8, simply because there’s no other
real number whose cube 1s 8. Perhaps a little surprising is that we can
calculate the cube root of a negative number without leaving R. For
example, ﬁ = -3, since (—3)3 =-27.
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The number 16 has two fourth roots. The positive fourth root is
% =2, and the negative fourth root is —16 = -2. After all, both 2
and —2 raised to the fourth power result in 16. However, just like
square roots, i*/: 1s not a real number.

The fifth root of 32 is 2; that is, J/32 =2 -- this is because 2° =32,
Like cube roots, we can calculate the fifth root of a negative number.
For example, §/-243 equals -3, since (-3)° = -243.

Consider the expression {/ab. The entire expression can be called a
radical. The symbol \/i_ is called the radical sign, and the quantity
ab is called the radicand.

A Final Comment: The number 23 has two square roots, \@ and —x@.
Not only do these square roots not result in an integer, they actually
result in irrational numbers. Similarly, each of the following is an
irrational number: %E , ﬁ , and {-1001 -- each of them is an

infinite, non-repeating decimal.

HOIHGWOI’IQ
1. Find the square root(s) of
a. 100 b. 15 c. 0 d. -36 e. 1

2. Find the cube root(s) of
a. 64 b. —125 c. 0 d. 20 e. 1

3. Find the fourth root(s) of
a. 81 b. 0 c. —625 d. 25 e. 1

4, Find the fifth root(s) of
a. 1 b. O c. —243 d. 29 e. 32
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U Simplifying Radicals

During our discussion of radicals, we will assume that all variables are

non-negative (positive or zero). Therefore, even though \}xg = | x|

when x is an arbitrary real number, our restriction to non-negative
values implies that we can dispense with the absolute value signs:

If x>0, then x(xz =Xx.
The basic rule regarding radicals is contained in the following rule.

THEOREM: Assume that x and y represent non-negative

numbers. Then
o - 3 4

The root of a product
is the product of the roots.

Proof: Our technique will be to convert the left side of the
formula to exponent form, use a law of exponents, and then
convert back to radical form to arrive at the right side of the
formula.

Ees

= (xy)lln (definition of fractional exponent)
= xl/n ylln (law of exponents)
= % % (definition of fractional exponent)

Q.E.D.
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THEOREM: If x represents a non-negative number, then

X =X

The nth root cancels
the nth power.

Proof: Our method of proof is similar to the previous
theorem.
A1
Yaul = (xn)l/n —xn o=yt =y Q.E.D.
EXAMPLE 1 Simplify each radical expression:

A. 200 = \100x2 = 100 x+/2 = 102

easily see if there’s a perfect cube in it. So let’s try a
slightly different approach. We factor the 2250 into primes

to get
2250 = 2-32.52,

Clearly we can take the cube root of 53 (it’s 5), but there are
not enough of the other factors to take their cube roots. So

we can write

32250 = ¥2.32.5° = 5%2.32 = 5318
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EXAMPLE 2: Simplify each radical expression:

A. \/5Oxy2 = \/52-2-x-y2 = 5y\/§

B. 144" = 122.(a®)?.(°)* b = 12a%%° b

C. 3’/16x48w14 = {’jZS -2-(x16)3 -(w4)3 w? = 2xw? §2u?

D.  Ye20d® = ) 'd) d® = Fd®Yd?

5
E ?/x4y53 _ ?fx‘l(ylo) y3 = 10548

F. %/54&21927017 = i”fS?’ .2.a2 -(bg)3 -(05)3 .2 = 3p9° x3f2a?‘c2

G {)/64x3y5225w47 _ #25.2.363.y5.(25)5.(w9)5.w2

= 2yz5w9 x5/2x3w2

As we'll see in the following example, fractional exponents are
indispensable for some radical problems.

EXAMPLE 3: Simplify each radical expression:

A [T - (361/3)1/2 _ 6 oy
B. 4 W _ {(21/2)1/3}1/4 -

1/12
R (a9) = 912 _ B4 _ 43
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H omewo 1’13

Simplify: a. \/JZOOxyzz?’w16037 b. x/72a25b12

o
($Y)
at
~
&K
)
[\
j‘
w0
)

Simplify: a. %/16ab203d27e50
Simplify: a. 432x%y'623 b. {81a*p'%®

Simplify:  a. 3641?04 b. §486w*232

Use your calculator to verify Example 3B.
DISprove the conjecture: Ja+b = Ja++b [Hint: use numbers]

Simplify each nested radical:

a. \/W b. 310 c. Q/z/?

d. 44fn e. Y¥a £. 43fJx
Simplify:
a. Q/x_‘? b. {n® C. 19/x_5 d. 3%2_3

Simplify 43/% . Use your calculator to verify your answer.
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U Adding and Subtracting Radicals

To add (or subtract) radicals, we can use either the concept of like
terms or the idea of factoring.

EXAMPLE 4: Simplify each radical expression:

A.

3JT+5J7 = 87

They’re like terms, so we can add them up, just like
3x + bx = 8x.
Or -- factor out the GCF: ﬁ(S +5) = 8J7

18310 —203/10 = —23f10

J3 ++/6 cannot be worked out. They’re unlike terms, and
no amount of simplification will turn them into like terms.

3420 +104/45 It might appear that these terms cannot be
combined, but don’t jump to conclusions -- a little
simplification first will yield an answer:

3420 +10/45 = 34-5+109-5 = 3-25+10-35
=65 +305 = 365

J7+3[7 can’t be simplified. Even though the radicands
(the 7’s) are the same, the roots are different, and therefore
they are unlike terms and cannot be added together.

H omewo 1'12

14. Simplify each radical expression:

a. 2Jx +10Jx b. 3J7-242 c. 103/n+33n
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d. 6Jx -23x e. 98+10./50 f. 324 +381
¢. 380 —545 h. 103189 +366 i 322 +2¥22

O Multiplying Radicals

Using the formula ¥x Q/} = 1/xy , we can multiply “like roots.” For
example:

BT =

Here’s another example, with variables and simplifying at the end:

113 Ut = U0 = I7a? = 752

HOHIGWOI'IZ
15.  Find the product:
a. V116 b B o
d 2y Yo e (12 f. 30%125
5. Y246 bRy i YEYE
16. Find the product:
a. i (L+h) b (x+0)(e-y3) o (2+48)
d. (Jp-a) e. (T-2JV7+2) £ (x-vn)
g (Va+e)a-ve) . 2(5+Vi) i ()
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U Dividing Radicals

First we state and prove a theorem that we’ll need later when we
derive the Quadratic Formula.

THEOREM. Assume a and b are positive real numbers. Then

1/2
= (%j (convert radical to fractional exponent)
al/ 2
= e (a law of exponents)

(convert back to radical form) Q.E .D.

Recall from Intermediate Algebra the following two procedures for
removing a radical from the denominator of a fraction, called
rationalizing the denominator.

EXAMPLE 5:

3Jx

X

x —
X

NS

>
w
|
wo
—
T

}ZBI

_ 5J2+420 _ 5J2+26

V2 V2 {ME}

5-J10 5-410|5+10|  25-10 15
=1

[The quantity 5++/10 is called the conjugate of 5—+/10 .]
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17. Simplify each radical expression:

a 2 b i C. 3 d. \/;+\/§
G G 542 NN
1 6 8 Jx
e. —— f. — g —= h. =
B NG N g
T L2 T L X
1++/5 1-2 32 nfx
m 7 N a+b a 7+4103

147 “a-b O bl B 103

18. Two of the following are valid, while two of them are bogus.
Which are which?

a. Naib = Ja+b b. Ja=b = Ja-b

_ a _ Ja
c. Jab = Ja b d.g_%

Practice

Pro]olems

19. a. Find the two fourth roots of 256.
b. Find all the cube roots of —1000.
c. Find all the square roots of —121.
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Simplify each expression:

a. 75

e. J2+32

Simplify: 3108x"y?7z%0

J7
b. J7+5 c. ﬁ
f. J28+.175 g. (\/ﬁ+7)

Write as a single radical: a. Z/\/W b. J%/%

Rationalize the denominator:

J35-5

b \/a_\/g

" Ja+b © 3

Simplify each expression:

a. 1848

Simplify: «4/64x7y27250

b, 77 ¢, 17

Write as a single radical: #+/3/x

Simplify: Va® Wa’

Rationalize the denominator:

3

* J28+5

J7
b, Na+b . 3-425
© Jasb -3
_ 3-411
1
_ 1
b. nr, = -3
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30.

True/False:
a. 36 has two square roots.
b. 49 = +7
c. If x <0, then /x is not a real number.
d. 64 has exactly one cube root.
e. —~4/20 is a real number.
f. Ja+b = \/E + %
g.  ab = Jab
h. For any real number x, F = x.
i. Y18 =32
j. ¥32n%2 = o2n?
k. e =a
L 14 x21 — .’X:\/;
m. 20+5 =5
n. 20445 = 305
2
0. (\/E+\/5) = a+b+2Jab
7 _
. — =17
s Jn
. 1 _n-1
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Solutions

1. a. %10 b. +/15 c. 0 d. & e. 1
2. a. 4 b. -5 c. 0 d. 320 e. 1
3. a. 13 b. 0 c. & d. £¥25 e. 1
4, a. 1l b. 0 c. -3 d. {29 e. 2
5. a. 10yzw®u!® 2xzv b. 6a'%° J2a

6. a. 2cd’e'® x3/2ab2e2 b. 3x7y10W

7. a. 2xytZ® (L/E b. 3ab*?

8. a. 2u6010»\5f2uzv4 b. 326x5/2w422

9. Does your verification prove that the answer is right?

10. For instance, 9+16 = /25 = 5, whereas 9 ++/16 = 3+4 = 7. Note

that these numbers constitute a counterexample.

1/2
woa (P -7 -7 b. §10
1/5
.. (x1/7) = 4135 3x d ¥hn

RN VED S O U5 BN
e. (a ) =a%2% =aq = Yfq f. 24x
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13.

14.

jaV)

=

15. a

16.

17.

6[x2 = x2/6 = x1/3 = 3fx
4

X =
Jx d. 3z e. o’

b, 8,6 = ,6/8 — 3/4 _ 4f 3
f. n?

12Jx b. Asis c. 133%n d. Asis e. 6842
533 g. =35 h. 3237 i 3%22

82 =21 b, 27 =3 ¢ xS = «t
Yoy = xy*3fly e 28 = 247 f. 3125 =5
16 = 2 h. Jxyz i 38 =2

\/ﬁ+n b. x%-x y+x\/§—y=x2—y

4+43+3 = 7+43 d. (\f]_)—q)(\f]_)—q) = p—2q\/1_9+q2

7-4 =3 f. x2-2xJn+n g. a-c

2(J§+2) =23 +4 i. (2\/5)2 = 4x

V8| _ 28 42 _ 2
IR o
3 {5—\/5} _15-3J2 _ 15-32 4 Sty
5+2|5-42 25-2 23 ' xX—y
g f. 2 g. 42 h. @
5 {1—\/5} _5-5J6 _ 5-5J5 _ 5—5\/5[__1} _5/-5
1+J5|1-5 1-5 —4 -4 |-1 4

The last step i1s optional -- it was done just to remove the

negative sign from the bottom of the fraction.

V2 W2 L2
_3-22 k. 3\7/5{\/5} =g ==
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3, g. 15 m13 h. 8 x

. 24/3; the problem and the answer are each about 1.046839.
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18.

19.

20.

21. 3x2y%216%/ 4422 22. a. 8¥x b. 2x
23. a. m b. a-2Jab+b c. 2
5 a-b
24. a. 12 b. 0 c. @ d. 32
25. 2xy6212 «4/4x3y322 26. 2%
2
27. x 28. a.27-5 b. ‘”%ﬁ;b
a->b
29. Do the arithmetic and it should work out.
30, a.T Db.F ¢ F d T T f. F
j. F k. F 1L T F n T o

LA Wi-1  _ a®+2ab+b
n

6 ' a®-b
c. and d. are valid -- a. and b. are bogus.

a. t4 b. -10 c. None

o 35 b, TidB @
e. J2+%2 £ 7J7
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g. h+14Jh +49

afe

be

d. J7-5

h. 9-64 +¢
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The important thing

s to not stop questioning.
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Albert Einstein



